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Abstract
In the framework of dynamical invariant theory, we introduce the annihilation
operator â(t) and creation operator â†(t) for a time-dependent harmonic
oscillator. The orthonormalized eigenstates of the operator âN (t)(N � 3)

are constructed, and their mathematical and quantum statistical properties
are discussed in detail. Specifically, a particle moving in a Paul trap with
periodically varying frequency is treated as an example to demonstrate the
dynamical squeezing effects for the eigenstates of the operator â3(t).

PACS numbers: 03.65.−w, 03.65.Bz, 03.65.Ge

1. Introduction

The squeezing effect is one of the most typical non-classical properties in a quantized light
field, and has an important application prospect in optical communication and gravitational-
wave detections. Since the implement of the squeezed light experimentally in 1985 [1, 2],
much attention has been paid to non-classical optical fields (see, e.g., [3, 4]). In order to study
the non-classical effects of optical fields and their possible applications, various quantized
optical states with non-classical effects should be beforehand prepared.

It is well known that the eigenstates of the annihilation operator â, i.e. the coherent
state, of quantized optical fields, are typically classical quantum states. These states cannot
show any non-classical effect, and their behaviors are most similar to the classic ones of
optical fields. However, the usual even and odd coherent states (i.e. the eigenstate of â2) are
obvious non-classical states [5]: there is no squeezing effect but photon anti-bunching effects
are clearly shown in the odd coherent states, while there exist obvious squeezing effects but
photons are bunching in the even coherent states. Later, much attention has been paid to
investigating the quantum statistical properties of the orthogonal normalized eigenstates of
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the operators âN [6–9] with N � 3. For example, the properties of quantum fluctuations on
two quadrature components of phase amplitudes for three orthogonal normalized eigenstates
of â3 are specifically discussed in [6]. The results show that these three states are all the
non-classical light field states: the photons are obvious anti-bunching, although there is no
squeezing effect.

The harmonic oscillator is a simple but typical idealized model in physics. It provides a
suitable description of many practical problems, such as a quantized optical field, the vibrations
of lattices, the motion of the particle in a Paul trap [10], etc. In particular, when a particle
either oscillates in a dissipation environment or moves in a trap with changing parameters, its
motion could be described by a time-dependent harmonic oscillator (TDHO). The dynamical
invariant method, introduced first by Lewis and Riesenfeld [11], is one of most suitable ones
to solve the quantum dynamical problem for a TDHO. In the framework of this theory, some
new concepts including time-dependent coherent states [12, 13] and dynamical squeezing
[14] are defined by introducing the so-called time-dependent bosonic creation operator â†(t)
and annihilation one â(t). It is emphasized that the time-dependent coherent states |z, t〉
[12, 13], i.e. the instantaneous eigenstates of the operator â(t), reveal completely different
quantum statistical behaviors from the usual time-independent coherent states. Similarly, the
instantaneous eigenstates of the operator â2(t) have also different features (e.g. the dynamical
squeezing) from the usual even and odd coherent states of the time-independent optical fields
[15, 16].

In this paper, we will investigate the properties of the orthogonal normalized eigenstates
of âN (t). First, a dynamical invariant for a generic TDHO is constructed by making use of
two special solutions to its classical dynamics, and the desirable time-dependent annihilation
operator â(t) is accordingly introduced for such a TDHO. Next, we construct the orthogonal
normalized eigenstates of the operator âN (t), and investigate their mathematical and quantum
statistical properties. As an example, we finally discuss the non-classical properties of the
eigenstates of the operator â3(t) in detail for the harmonic oscillator with a periodically
varying frequency. It is shown that, obvious squeezing effects are indicated in these states,
which are different from the results that no squeezing effect is shown in the eigenstates of the
time-independent bosonic operator â3 [6, 9].

2. A dynamical invariant for a time-dependent harmonic oscillator

We consider a general TDHO with the following Hamiltonian (h̄ = 1 throughout this paper):

Ĥ (t) = 1
2 [Z(t)p̂2 + X(t)q̂2]. (1)

Its dynamical evolution is determined by the time-dependent Schrödinger equation

i
∂

∂(t)
|ϕ(t)〉 = Ĥ (t)|ϕ(t)〉. (2)

A dynamical invariant operator Î (t), introduced first by the Lewis and Riesenfeld [11], should
satisfy the conditions

Î †(t) = Î (t),
∂Î (t)

∂t
+ i[Ĥ (t), Î (t)] = 0. (3)

The exact solution to the TDHO (1) can be constructed in terms of the instantaneous eigenstates
of the invariant operator Î (t). Obviously, dynamical invariant determined by equation (3) is
not sole, even if for a common Hamiltonian. Indeed, by making use of two arbitrary linearly
independent solutions x1(t) and x2(t) to the classical equation of motion

q̈cl − Ż(t)

Z(t)
q̇cl + [X(t)Z(t)]qcl = 0 (4)

2
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for the TDHO (1), we can easily construct a desirable invariant [13, 17]

Î (t) = 1
2 {eα(t)(p̂ − β(t)q̂)2 − γ 2 e−α(t)q̂2} = Ŵ (t)Î0Ŵ

†(t) (5)

with α(t) = ln[x1(t)x2(t)], β(t) = α̇(t)/[2Z(t)], Î 0 = (p̂2 − γ 2q̂2)/2, Ŵ (t) =
exp{(i/2)β(t)q̂2 − [iα(t)/4)][p̂q̂ + q̂p̂]} where γ = [1/2Z(t)][x1(t)ẋ2(t) − x2(t)ẋ1(t)] =
const. Certainly, two linearly independent conjugate solutions x(t) = x1(t) + ix2(t) and x∗(t)
can also be selected. In this case, γ = ik with k being a real number. As a consequence, one
can introduce a pair of creation and annihilation operators

â(t) = 1√
2k

{
k e

−α(t)

2 q̂ + i e
α(t)

2 [p̂ − β(t)q̂]
} = Ŵ (t)â0Ŵ

†(t), (6)

â†(t) = 1√
2k

{
k e

−α(t)

2 q̂ − i e
α(t)

2 [p̂ − β(t)q̂]
} = Ŵ (t)â

†
0Ŵ

†(t), (7)

to rewrite the above dynamical invariant as

Î (t) = 1
2 {eα(t)[p̂ − β(t)q̂]2 + k2 e−α(t)q̂2} = [

â†(t)â(t) + 1
2

]
k. (8)

Above, â0 = (1/
√

2k)(kq̂ + ip̂) and â
†
0 = (1/

√
2k)(kq̂ − ip̂).

Solving the instantaneous eigenvalue problem of the dynamical invariant operator (8):
Î (t)|n, t〉 = λn|n, t〉, we have λn = (n + 1/2)k (n = 0, 1, 2, . . .) and |n, t〉 = Ŵ (t)|n〉. Here,
|n〉 = [

√
k/(2nn!

√
π)]1/2 exp(−ξ 2/2)Hn(ξ) with ξ = √

kq. Finally, a general solution to the
Schrödinger equation (2) for the TDHO (1) reads [11, 17]

|ϕ(t)〉 =
∞∑

n=0

Cn eiθn(t)|n, t〉, (9)

with Cn = 〈n, 0|ϕ(0)〉 and

θn(t) =
∫ t

0
〈n, t ′|i ∂

∂t ′
− Ĥ (t ′)|n, t ′〉 dt ′ = −

(
n +

1

2

)
k

∫ t

0

z(t ′)
|x(t ′)|2 dt ′, (10)

being the so-called Lewis–Riesenfeld phase.

3. Instantaneous eigenstates of the operator âN (t)

With a complete set spanned by the eignstates of the time-dependent Hermitian operator Î (t),
we introduce the following series of quantum states:

|ψj(z, t)〉N = cN,j

∞∑
n=0

zNn+j eiθNn+j (t)

√
(Nn + j)!

|Nn + j, t〉, j = 0, 1, 2 . . . , N − 1, z = |z|eiφ

(11)

where

θn(t) = θn−m(t) + 2mθ0(t), n > m = 0, 1, 2 . . . , (12)

and cN,j is the normalization coefficient. Note that

N 〈ψj(z, t)|ψj(z, t)〉N = c2
N,j

∞∑
n=o

yNn+j

(Nn + j)!
= c2

N,jFN,j (y) = 1, (13)

with y = |z|2 and FN,j (y) = ∑∞
n=o yNn+j /(Nn + j)!, we have

FN,j (y) = d(N−j)

dy(N−j)
FN,0(y),

N−1∑
j=0

FN,j (y) =
∞∑

n=0

yn

n!
= ey. (14)

3
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After solving the differential equation

N−1∑
j=0

d(N−1−j)

dy(N−1−j)
FN,0(y) = ey, (15)

to determine the coefficient FN,0(y), all the other coefficients FN,j (y) can be obtained.
Obviously, for N = 1, the quantum state constructed above reduces to the time-dependent
coherent states [12, 13]: |z, t〉 = |ψ0(z, t)〉1 = c1,0

∑∞
n=o{zn exp[iθn(t)]}/(

√
n!)|n, t〉, which

are the instantaneous eigenstates of the operator â(t) in equation (6). Also, for N = 2, the
states |ψ0(z, t)〉2 and |ψ1(z, t)〉2 are just the time-dependent even and odd coherent states
[16, 18], respectively. Generally, it is easy to check that, the quantum states |ψj(z, t)〉N
introduced above are the eigenstates of the operators âN (t), corresponding to the eigenvalues
{z exp[i2θ0(t)]}N : âN (t)|ψj(z, t)〉N = {z exp[i2θ0(t)]}N |ψj(z, t)〉N .

Clearly, for a fixed value of N the eigenstates of âN (t) for different values of j are mutually
orthogonal:

N 〈ψj(z, t)|ψk(z, t)〉N = 0, j, k = 0, 1, 2 . . . , N − 1, j �= k. (16)

But, they are related by the actions of operator â(t), e.g.,

â(t)|ψ0(z, t)〉N = z ei2θ0(t)FN,0
− 1

2 FN,N−1
1
2 |ψN−1(z, t)〉N,

â2(t)|ψ0(z, t)〉N = (z ei2θ0(t))2FN,0
− 1

2 FN,N−2
1
2 |ψN−2(z, t)〉N,

· · ·
âj (t)|ψ0(z, t)〉N = (z ei2θ0(t))jFN,0

− 1
2 FN,N−j

1
2 |ψN−j (z, t)〉N,

· · ·
âN (t)|ψ0(z, t)〉N = (z ei2θ0(t))N F̂

− 1
2

N,0F̂
1
2

N,0|ψ0(z, t)〉N = (z ei2θ0(t))N |ψ0(z, t)〉N .

(17)

It is well known that the Glauber coherent states |z〉 themselves are not orthogonal when z takes
different values in the complex parameters plane, i.e. |〈z|z′〉|2 = e−|z−z′ |2 �= 0. Similarly, each
of the time-dependent eigenstates |ψj(z, t)〉N of the operators âN (t) is also not orthogonal for
different values of z:

N 〈ψj(z, t)|ψj(z
′, t)〉N = [FN,j (|z|2)FN,j (|z′|2)] 1

2

∞∑
n=0

(z∗z′)Nn+j

(Nn + j)!

= [FN,j (|z|2)FN,j (|z′|2)] 1
2 FN,j (z

∗z′) �= 0. (18)

However, all the instantaneous eigenstates of the operator âN (t) form a complete set. Indeed,
one can easily prove that there exists the following completeness relation:

∫
d2z

π

⎛
⎝N−1∑

j=0

|ψj(z, t)〉NN 〈ψj(z, t)|
⎞
⎠ =

∫
d2z

π
e−y

∞∑
n=0

yNn+j

√
(Nn + j)!

|z, t〉〈z, t |z, t〉〈z, t |,

=
∫

d2z

π

{ ∫
d2z

π
|z, t〉〈z, t |

}
|z, t〉〈z, t | = 1. (19)

Therefore, the orthonormalized eigenstates of the operator âN (t) can span a complete Hilbert
space.

4
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4. Quantum statistical properties of the eigenstates of the operator âN (t): a TDHO
with periodically varying frequency

To examine the quantum statistical properties of the above quantum states, we introduce two
basic quadrature operators [18]

X̂1(t) = 1
2 eα(t)/2[â(t) + â†(t)],

X̂2(t) = 1
2 eα(t)/2{[(k−1β(t) − i e−α(t))â(t)] + [(k−1β(t) + i e−α(t))â†(t)]}. (20)

It is not difficult to verify that they satisfy the commute relation [X̂1(t), X̂2(t)] = i/2. For the
arbitrary quantum state, the fluctuations of X̂1(t) and X̂2(t) can be expressed as〈	X2

1(t)
〉 = 1

4 eα(t){〈2â†(t)â(t) + 1 + â†2(t) + â2(t)〉 + 〈â(t) + â†(t)〉2} (21)

and〈	X2
2(t)

〉 = 1
4 {〈(k−2β2(t) eα(t) + e−α(t))[2â†(t)â(t) + 1] + (k−1β(t) eα(t)/2 + i e−α(t)/2)2â†2(t)

+ (k−1β(t) eα(t)/2 − i eα(t)/2)2â2(t)〉 + 〈(k−1β(t) eα(t)/2 + i e−α(t)/2)â(t)

+ (k−1β(t) eα(t)/2 − i e−α(t)/2)â†(t)〉2}, (22)

respectively. If
〈	X2

1(t)
〉
< 1/4 (or

〈	X2
2(t)

〉
< 1/4), then the fluctuation on X1(t) (or X2(t))

is squeezed [12]. With the help of the following relations

N 〈ψj(z, t)|â†(t)|ψj(z, t)〉N = 〈ψj(z, t)|â(t)|ψj(z, t)〉 = 0, j = 0, 1, 2 . . . N − 1;

N 〈ψj(z, t)|â†2(t) + â2(t)|ψj(z, t)〉N =
{

2y cos[4θ0(t) + 2φ], j = 0, 1

0, j � 2; (23)

N 〈ψj(z, t)|â†(t)â(t)|ψj(z, t)〉N =
{

yc2
N,0c

2
N,N−1, j = 0

yc2
N,j c

2
N,j−1, j = 1, 2, . . . , N − 1,

one can easily calculate the above quantum fluctuations for the state |ψj(z, t)〉:

〈	X2
1(t)

〉 =

⎧⎪⎨
⎪⎩

1
4 eα(t)

{
2yc2

N,0c
2
N,N−1 + 1 + 2y cos[4θ0(t) + 2φ]

}
, j = 0;

1
4 eα(t)

{
2yc2

N,1c
2
N,0 + 1 + 2y cos[4θ0(t) + 2φ]

}
, j = 1;

1
4 eα(t)

(
2yc2

N,j c
2
N,j−1 + 1

)
, j � 2.

(24)

〈	X2
2(t)

〉 =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1
4

{
[k−2β2(t) eα(t) + e−α(t)]

(
2yc2

N,0c
2
N,N−1 + 1

)
+ 2[k−2β2(t) eα(t) − e−α(t)]y

× cos[4θ0(t) + 2φ] + 4k−1β(t)y sin[4θ0(t) + 2φ]
}
, j = 0;

1
4

{
[k−2β2(t) eα(t) + e−α(t)]

(
2yc2

N,1c
2
N,0 + 1

)
+ 2[k−2β2(t) eα(t) − e−α(t)]y

× cos[4θ0(t) + 2φ] + 4k−1β(t)y sin[4θ0(t) + 2φ]
}
, j = 1;

1
4 [k−2β2(t) eα(t) + e−α(t)]

(
2yc2

N,j c
2
N,j−1 + 1

)
, j � 2.

(25)

So, whether there is a squeezing effect for the eigenstates of the operator âN (t) is a complex
problem, which depends on the time-dependent parameters for the specific TDHO.

Without loss of generality, let us consider a typical TDHO with the classical equations of
motion

q̈cl + ω2(t)qcl = 0, ω(t + T ) = ω(t), (26)

where T is the period of the variable frequency. If the frequency takes the form ω2(t) =
a + 2q cos(2t), then equation (26) describes the classical motion of a particle in a Paul trap

5
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[19]. If the condition |q/(a − 1)| < 1 is satisfied, then the periodically varying frequency of
the TDHO reduces to

ω2(t) = 1 +
ξ(1 − η2)

[1 + η cos(2t)]2
, (27)

where ξ = (a−1)3/[(a−1)2 −q2] and η = −q/(a−1). With two specific complex solutions
of the classical equation (26) of motion with frequency (27) [20]

x1(t) =
√

1 + η cos(2t)

1 + η
exp

{
−i

√
1 + ξ

2
arcsin

[√
1 − η2 sin(2t)

1 + η cos(2t)

]}
,

x2(t) = x∗
1 (t),

(28)

the parameters in equation (5) can be specifically expressed as

α(t) = ln

(
1 + η cos(2t)

1 + η

)
, β(t) = −η sin(2t)

1 + η cos(2t)
, γ = ik, k =

√
(1 − η)(1 + ξ)

(1 + η)
,

θn(t) = −
(

n +
1

2

)
k

∫ t

0

(1 + η)dt ′

1 + η cos(2t ′)
=

(
n +

1

2

) √
1 + ξ arctan

{
(η − 1)√

1 − η2
tan(t)

}
.

(29)

The quantum statistical properties of the instantaneous eigenstates of the operators â(t) and
â2(t) had been discussed in [10, 11]. Now, compared with the quantum statistical properties
of the eigenstates of the time-independent operator â3 [6], we will investigate those properties
of the eigenstates of the time-dependent operator â3(t) for the TDHO with frequency (27).
Specifically, three orthogonal eigenstates of the operator â3(t) (with the same eigenvalue
{z exp[i2θ0(t)]}3) read

|ψj(z, t)〉3 = c3,j

∞∑
n=0

z3n+j eiθ3n+j (t)

√
(3n + j)!

|3n + j, t〉, j = 0, 1, 2. (30)

Solving the second-order ordinary differential equation

d2

dy2
F3,0(y) +

d

dy
F3,0(y) + F3,0(y) = ey, (31)

we get the normalized coefficient c3,0 = F
−1/2
3,0 and then c3,1, c3,2 by using equation (13):

c3,0 = [
1
3 ey + 2

3 e−y/2 cos(
√

3y/2)
]−1/2

c3,1 = [
1
3 ey − 1

3 e−y/2 cos(
√

3y/2) + 1
3 e−y/2 sin(

√
3y/2)

]−1/2
(32)

c3,2 = [
1
3 ey − 1

3 e−y/2 cos(
√

3y/2) − 1
3 e−y/2 sin(

√
3y/2)

]−1/2
.

For these three eigenstates |ψj(z, t)〉3, j = 0, 1, 2, the fluctuations of X1(t) and X2(t) read〈	X2
1(t)

〉
0 = 1

4 eα(t)
(
2yc2

3,0c
2
3,2 + 1

)
,〈	X2

2(t)
〉
0 = 1

4 [k−2β2(t) eα(t) + e−α(t)]
(
2yc2

3,0c
2
3,2 + 1

)
,

(33)

for the state |ψ3,0(z, t)〉;〈	X2
1(t)

〉
1 = 1

4 eα(t)
(
2yc2

3,1c
2
3,0 + 1

)
,〈	X2

2(t)
〉
1 = 1

4 [k−2β2(t) eα(t) + e−α(t)]
(
2yc2

3,1c
2
3,0 + 1

)
,

(34)

6



J. Phys. A: Math. Theor. 43 (2010) 125302 X-H Wang et al

0

0.5

1

1.5

2

2.5

3

t

0

0.5

1

1.5

2

2.5

3

t

0

0.5

1

1.5

2

2.5

3

t

S
0

S
1

S
2

0.25

S
0

S
1

S
2

0.25

S
0

S
1

S
2

0.25

S
i

(a) (b) (c)

ππ/20 0π ππ/2π/2

0.250.250.25

0

Figure 1. Dynamical quantum fluctuations Si(t) = 〈	X2
i (t)〉, i = 1, 2, in three orthogonal

normalized eigenstates |ψj (z, t)〉3, j = 0 (a), 1 (b), 2 (c) of the operator â3(t) for a TDHO with
periodically varying frequency: |z| = 0.8, ξ = 3, η = 0.8. As a comparison, S0 represents the
quantum fluctuations in the three eigenstates of the operator â3 for a time-independent harmonic
oscillator (i.e. η = 0).

for the state |ψ3,1(z, t)〉 and〈	X2
1(t)

〉
2 = 1

4 eα(t)
(
2yc2

3,2c
2
3,1 + 1

)
,〈	X2

2(t)
〉
2 = 1

4 [k−2β2(t) eα(t) + e−α(t)]
(
2yc2

3,2c
2
3,1 + 1

)
,

(35)

for the state |ψ3,2(z, t)〉, respectively.
In figure 1, we show the dynamical evolutions of the quantum fluctuations of two

quadrature components of the phase amplitudes X1(t) and X2(t). It is seen that S0 is always
greater than 1/4 (see also in [6, 9]), which means that there is no squeezing effect in the
eigenstates of the time-independent operator â3. However, it is shown that the component
of S1 could be less than 1/4 (see (a) and (b) in figure 1), which indicates that there exist
dynamical squeezing effects in the two eigenstates |ψj(z, t)〉, j = 0, 1, of the time-dependent
operator â3(t).

5. Conclusions and discussions

The dynamical invariant Î (t) for a general TDHO has been constructed by making use of two
arbitrary linearly independent solutions to its classical equation of motion. With the complete
set spanned by the instantaneous eigenstates of the constructed Î (t), the exact solution to the
time-dependent Schrödinger equation for such a TDHO could be obtained. Corresponding
to such a dynamical invariant, a new pair of the time-dependent annihilation and creation
operators (â(t) and â†(t)) is introduced. Given the eigenstates of the operator âN for the time-
independent harmonic oscillator had attracted much attention, in this paper we constructed
the exact eigenstates of the operator âN (t) (N � 3) for the TDHO, and then investigated their
mathematical and quantum statistical properties.

Specifically, a particle moving in a Paul trap with periodically varying frequency was
treated as an example to demonstrate the dynamical squeezing effects for the eigenstates of the
operator â3(t). It is shown that the quantum statistical properties of these eigenstates for the
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TDHO are different from those of the eigenstates of the operator â3 for the time-independent
harmonic oscillator.
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